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Abstract

We present a combined field and boundary inte-
gral equation method for solving time-dependent
scattering of acoustic waves by thermoelastic
obstacles. The approach is geared towards a
finite element discretization in the interior of
the scatterer and a boundary element approx-
imation of the acoust field. Using an integral
representation of the solution in the infinite ex-
terior domain occupied by the fluid, the prob-
lem is reduced to one defined only over the fi-
nite region occupied by the solid, with nonlocal
boundary conditions. The resulting non local
boundary problem is analized using the Laplace
transform in terms of time-domain data. Ex-
istence and uniqueness results are established
in the Laplace domain where Galerkin semi-
discretization approximations are derived and
error estimates are obtained. Full space-time
discretization and time-domain error estimates
based on the Convolution Quadrature method
are also presented.
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1 Introduction

We are concerned with a time-dependent direct
scattering problem in fluid-thermoelastic solid
interaction, which can be simply described as
follows: an acoustic wave propagates in a fluid
domain of infinite extent in which a bounded
thermoelastic body is immersed. We denote €2_
the bounded domain occupied by the thermoe-
lastic body with a Lipschitz boundary I' and we
let Q, :=R3\ Q_ be its exterior. The problem
is then to determine the scattered velocity po-
tential V' in the fluid domain, the deformation
of the solid U and the variation of the tem-
perature © in the obstacle with respect to the
equilibrium temperature ©g.

In the linear small displacement regime, the

governing equations are [3] :
¢ 204V — AV =0 in Q x(0,7),
pg@ttU — A*U + CV@ =0 in Q_x (0, ),
k19,0 — AO +1nd(V-U) =0 in Q_x(0,T),

T
T

where py, is the density of the solid, x is the
thermic difussivity, 7 is a constant proportional
to the thermal expansion coefficient {. As usual
the symbol A* is the Lamé operator defined by

A*U = pAU+ (A + p)V(V - U).
On the interface I' between the solid and the
fluid we have the transmission conditions
(Ce(U) — O = — p;0,(V + V")n,
KU -n= —0,(V+ V")
0n® =0
where n is the exterior unit normal to _, and

Vin¢ denotes the given incident field. We as-
sume the causal initial conditions

U0 = 2280 _o 01 =0,
V(x,t) = %‘t/(a:,t) = 0.

2 An integro-differential system

Following the ideas introduced in the seminal
work of Bamberger and Ha-Duong [1] the sys-
tem is transformed into the Laplace domain and
recast as an integro-differential problem mak-
ing use of a layer potential representation of the
acoustic field.

The resulting non-local system below involves
the operators of the Calderén projector for the
acoustic field but retains the weak PDE formu-
lation for the elastic and thermal unknowns. It
can be represented in matrix operator form as

L(l]., 97 ¢7 )‘) = (d17 d27 d37 d4)7
where the data (dy,ds, ds,dy) is given by

+..inc

_/
di= —spyy (v v"n),
d3 :87-11—,01’710’

d2 :Oa
dy =0,
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and the matrix of integral and differential
operators is given by

A —((div)" spy ’y*/n 0
L — sn div Bs 0 0
~ \-snTH— 0 W(s) —(%I —K(s))
0 0 11— K(s) V(s)

Above s € Cy is the Laplace parameter and
Ay HY(QD) - (HY(QL)),
B,: HY(Q.) = (H'(Q.)Y

are the operators associated with the elastic and
thermal bilinear forms

a(u,;5) := (Ce(u),e(")g_ +s”px(u,)a_,
b(07 g 3) = (vev v<)>97 + (3//{/)(97 ')Q,-

3 Continuous and discrete well posed-
ness

We study the conforming Galerkin discretiza-
tion of the system on arbitrary closed subspace
of the solution space endowed with the appro-
priate energy norm. The well posedness of the
discrete problem is done by reformulating this
equations in terms of an exotic transmission
problem and showing the coercivity of the re-
sulting operator. This techinique is similar to
the one discussed in [4] for purely acoustic/elastic
interaction.

Error estimates for the semidiscretization are
obtained by observing that an appropriate ellip-
tic projection of the error term satisfies equa-
tions with the same structure as the ones satis-
fied by the unknowns, to which all of the above
machinery can be applied.

Bounds are established explicitly in terms of
the laplace parameter s and its real part o. This
enables to translate the estability estimates into
the time-domain while mantaiing explicit knowl-
edge of the behaviour of the bounding constants
with respect to time. The fact that the analysis
is carried out in arbitrary closed subspaces im-
plies that, by taking the discrete space to be the
entire solution space, the well posedness of the
continuous problem is obtained as a by-product.

4 A fully discrete system

The linear system arising from the discretiza-
tion has a structure that can be depicted by

the block matrix
Lo J] [T

FEM(s)  sps(ND)} . n
|:—spf(NF)h BEM(s) ] N - 0 5
Lo )] L L]

where the sparse Finite Element block contains
mass and stiffness matrices as well as first or-
der terms related to the elastic and thermal un-
knowns. The boundary element block BEM(s)
contains the Galerkin discretization of the oper-
ators of the acoustic Calderén calculus and the
coupling trace matrix (NT'); is the discretiza-
tion of the bilinear form arising from the duality
pairing (u” - v, x")r.

The system is discretized in time using BDF2
Convolution Quadrature [5] for the integral equa-
tion block and BDF2 time-stepping for the finite
element block. As pointed out in [2], this ap-
proach is equivalent to an application of BDF2-
CQ to the entire discrete matrix. This fact is
used to derive error estimates for the discretiza-
tion by considering a global CQ approximation-
resulting in a second order accurate scheme.
Numerical convergence studies and simulations
for the 2D case are carried out.
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