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Abstract

In this paper we present a system of time-domain
boundary integral equations describing the scat-
tering of acoustic waves by an elastic obstacle.
The analysis of well-posedness is done simul-
taneously at the continuous and semidiscrete
level. We use Laplace domain techniques for
the analysis of well-posedness and for the study
of the error due to Galerkin semidiscretization
of the integral system.
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1 The differential system

We will consistently use evolution equation no-
tation for our partial differential equations. Like
this, a function of space-and-time variables will
be thought as a function of time with values in a
vector space of functions of the space variables.
Differentiation with respect to the space vari-
ables will be written with the usual symbols of
vector calculus (gradient, divergence, laplacian)
without making any reference to the space vari-
ables. Differentiation with respect to time will
be written with an upper dot. Time-domain
integral operators and potentials will be writ-
ten in convolutional notation, emphasizing this
same effect: considered as vector- or operator-
valued distributions of the time variable, they
correspond to causal convolution of distribu-
tions of a single variable.

Consider a bounded Lipschitz domain (pos-
sibly non-connected) 2 C R? with boundary
I" and exterior 2. Let us assume that a lin-
early elastic material, subject to small deforma-
tions, occupies {2_. We characterize the mate-
rial properties of this object by its two Lamé
parameters and its mass density. This means
that the displacement field satisfies the elastic
wave equation

psu = divo(u), (1)
where

o(u) = p(Vu+ (Vu) ") + M(V-u)l

is the stress tensor for a Hookean material. The
normal traction on I' is denoted t(u) = o(u)v,
where v is the unit normal vector field on T’
pointing from Q_ to Q.

An acoustic field is measured on a fluid sur-
rounding Q_. The interaction [3] will be trig-
gered by a given incident wave v™¢. The total
wave v = v+ is decomposed as the sum of
the incident wave and a scattered wave, which
satisfies the acoustic wave equation

2= Av (2)

and a radiation—causality condition that can be
expressed in simple terms: at every time ¢ > 0
the support of v is contained in a ball of radius
that grows proportionally to ct. The interaction
is mathematically represented by two transmis-
sion conditions:

u+ Vo .v =0 (3)

and
t(u) + pso''v = 0. (4)

The parameters c and py are the speed of waves
and density of the acoustic fluid. At time ¢t =
0 we assume that the incident wave has not
reached the elastic obstacle and therefore the
solid is at rest and the only acoustic field is the
incident one.

The simplest approach to prove that (1)-(4)
is well posed consists of taking Laplace trans-
forms of the equations and write a variational
formulation [1]. Assuming that v™° is a tem-
pered causal distribution with values in

HX(0):={ve HY(O) : Ave L*(0)},

where O is an open neighborhood of I', we can
prove that (1)-(4) has a unique solution (u,v)
which is a causal Laplace transformable distri-
bution with values in H.(Q_)3x HX (), where

HL(Q_):={uec H(Q_)® : o(u) € L3(Q_)3*3}.
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2 An equivalent integral system

The layer potentials associated to the acoustic
wave equation around I' can be defined as de-
termining the unique causal H} (R?\ I')-valued
solution v = & * ) — D * ¢ of the wave equation

2= Av
satisfying the transmission conditions
Y=t = ¢,
o v—0fv = n,

where the superscripts 4+ are used to tag traces
and normal derivatives from 4. Four retarded
integral operators can be defined as follows:

Van = 7y (Sxn) =~"(Sx*n),

Kx¢ = 37 (Dx¢)+ 371 (Dx9),
Jxn = 30,(8*n)+350,(Sxn),
Wx¢ = —0,(Dx*¢)=—0,(Dxq).

Definitions in very much the same spirit can be
given for the elastic retarded layer potentials
and operators, which we will denote with the
same letters in boldface. We finally need two
operators related to the normal vector field:

N¢:=¢-v, Ny:=nv.

This work relates the system (1)-(4) with the
following system of integral equations:

W x ¢+ psN'V x (Ng) (5)
+pr(N'(K + ¢) = T * (N9))
— _prtay,(-}inc
+Pf(—%Nt’Yl.)inC + J * (Nt,y,l-)inc»
pr(N(K + §) = J * (Ng)) (6)

+PANV * (N'G) + ppW # ¢
— pf(%ayvinc + j* 8l,UinC)
_,O?L‘Nv % (Nt,y,i}inc)

In this work we prove that the wave-structure
interaction problem (1)-(4) is equivalent to the
system (5)-(6) in the sense that the unknowns of
the latter are related to the values of the former
by
b=7"u, Hp=7"v

We also show that the system (5)-(6) admits
a unique solution, even after Galerkin semidis-
cretization in space with any discrete pair Yp, X

Y, ¢ HY2(I)? x HY*(T'). The study also in-
cludes mapping properties for the solution of
(5)-(6) and the reconstruction of the solution of
(1)-(4) using integral representation formulas.
It also incorporates the study of the effect of
semidiscretization in space. This is done with
techniques developed in a systematic way in [4],
but going back to the seminal work [1]. Follow-
ing [2], the analysis leaves the full discretization
with Lubich’s Convolution Quadrature ready to
be applied and analyzed.
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